Spherical solutions for stars

Daniel Wysocki

Rochester Institute of Technology

General Relativity 1 Presentations
December 14th, 2015

Daniel Wysocki (RIT) Spherical stars December 14th, 2015



Introduction

e model stars using spherical symmetry

e Schwarzschild metric

o T-O-V equation

e real stars
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Spherically symmetric coordinates

Spherically symmetric coordinates
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Spherically symmetric coordinates

Two-sphere in flat spacetime

General metric

ds® = —dt* + dr? + r?(d6* + sin® 0d¢?)

Schutz (2009, p. 256)
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Spherically symmetric coordinates

Two-sphere in flat spacetime

General metric

ds® = —dt* + dr? + r?(d6* + sin® 0d¢?)

Metric on 2-sphere

di? = r2(d#? + sin? fd¢?) = r2dQ>

Schutz (2009, p. 256)

Daniel Wysocki (RIT) December 14th, 2015



Spherically symmetric coordinates

Two-sphere in curved spacetime

Metric on 2-sphere

di? = f(r',t)dQ?

Schutz (2009, pp. 256-257)
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Spherically symmetric coordinates

Two-sphere in curved spacetime

Metric on 2-sphere

di? = f(r',t)dQ?

Relation to r
f ) =r*

Schutz (2009, pp. 256-257)
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Spherically symmetric coordinates

Meaning of r

e not proper distance from center

Mark Hannam

Figure:

Surface with circular
symmetry but no
coordinate r = 0.

Schutz (2009, p. 257)
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Spherically symmetric coordinates

Meaning of r

e not proper distance from center

e “curvature” or “area” coordinate
e radius of curvature and area

Mark Hannam

Figure:

Surface with circular
symmetry but no
coordinate r = 0.

Schutz (2009, p. 257)
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Spherically symmetric coordinates

Meaning of r

e not proper distance from center

£
(3]
c
é e “curvature” or “area” coordinate
x e radius of curvature and area
(T
=
e r = const, t = const
Suetace with circ A
T 1 1T I
urrace w circula: 00227'('7“

symmetry but no
coordinate r = 0.

Schutz (2009, p. 257)
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Spherically symmetric coordinates

Spherically symmetric spacetime

General metric

ds® = goo dt” + 2go, dr dt + g dr® + r*dQ”

900, gor, and g,-: functions of ¢ and r

Schutz (2009, p. 258)
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Static spacetimes

Static spacetimes

Daniel Wysocki (RIT Spherical stars



Static spacetimes

Motivation

e leads to simple derivation of Schwarzschild metric

Schutz (2009, p. 263) and Misner, Thorne, and Wheeler (1973, p. 843) PON
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Static spacetimes

Motivation

e leads to simple derivation of Schwarzschild metric

e unique solution to spherically symmetric, asymptotically flat
Einstein vacuum field equations (Birkhoff’s theorem)

Schutz (2009, p. 263) and Misner, Thorne, and Wheeler (1973, p. 843)
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Static spacetimes

Definition

A spacetime is static if we can find a time coordinate ¢ for which

(1) the metric independent of ¢

Gap,t = 0

Schutz (2009, p. 258)
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Static spacetimes

Definition

A spacetime is static if we can find a time coordinate ¢ for which

(1) the metric independent of ¢

Gap,t = 0

(i) the geometry unchanged by time reversal

t— —t

Schutz (2009, p. 258)
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Static spacetimes

Time reversal

Schutz (2009, p. 258)
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Static spacetimes

Time reversal

AO— = 0 - = — = —1
0 &L ,0 (9(—t)
: : Ozt

Al—, g ZT et - = 1
i= T ox*

Schutz (2009, p. 258)
Daniel Wysocki (RIT) Spherical stars December 14th, 2015




Static spacetimes

Time reversal

A (tal‘aya Z) — (_tvxayv Z)
S AX AP _
gd,@ - o7 Bgaﬁ - ga,B

Transformation Metric

ot
A =20 =~ —_1 900 = (A06)2900 = goo
0 ,0 8(—t) .
' ‘ oz 9rr = (A F) 9rr = Grr
Alz = l’zyz = 8:1;.1, = 1 g(—)F = AOGATFQOT — —go,r.

Schutz (2009, p. 258)
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Static spacetimes

The metric

Simplified metric

ds® = goo dt? + gyr dr? 4+ r2dQ?

Schutz (2009, pp. 258-259)
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Static spacetimes

The metric

Simplified metric

ds? = goo dt? + gy dr? + r2dQ2

Replacement

goo — —€*®, g — €2, provided gog < 0 < gpr

Schutz (2009, pp. 258-259)
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Static spacetimes

The metric

Simplified metric

ds? = goo dt? + gy dr? + r2dQ2

Replacement

goo — —€*®, g — €2, provided gog < 0 < gpr

Static spherically symmetric metric

ds? = —e22 42 + 2 4r2 4+ 12402

Schutz (2009, pp. 258-259)
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Static spacetimes

The metric

Simplified metric

ds? = goo dt? + gy dr? + r2dQ2

Replacement

goo — —€*®, g — €2, provided gog < 0 < gpr

Static spherically symmetric metric

ds? = —e22 42 + 2 4r2 4+ 2402

lim ®&(r) = lim A(r) =0

r—00 r—00

Schutz (2009, pp. 258-259)
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Static spacetimes

Einstein Tensor

General Einstein tensor

1
Gag = Raﬁ — §ga5R

Schutz (2009, pp. 165, 260)
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Static spacetimes

Einstein Tensor

General Einstein tensor

1
Gag = Raﬁ — §ga5R

Einstein tensor components

1 29 d —2A
GOO = T—Ze 5[7’(1 = @ )]
1 2
Grr _ ——262A(1 - 6_2A) + i Y
T' r

Gop = r2e 22" + (9)2 + &' /r — D' — N /7]
G¢¢ = Sin 9G09

Schutz (2009, pp. 165, 260)
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Static perfect fluid

Static perfect fluid
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Static perfect fluid

Four-velocity

Constraints

U'" = 0 (static) U-U = —1 (conservation law)

Schutz (2009, p. 260)
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Static perfect fluid

Four-velocity

Constraints

U'" = 0 (static) U-U = —1 (conservation law)

Solving for U°

gooUU° = =1 = U° = (—goo) > =€

Schutz (2009, p. 260)
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Static perfect fluid

Four-velocity

Constraints

U'" = 0 (static) U-U = —1 (conservation law)

Solving for U°

gooUU° = =1 = U° = (—goo) > =€

Solving for Uy

Uo = gooU° = —e®

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

ﬂoz = PYia

=

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tio =0

=

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tin =0
T, p is diagonal Too Tor Too Tog

il

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tin =0
T, p is diagonal Too Tor Too Tog
Too = (p+p)62q> +p(—e2¢) — pe2®

il

Schutz (2009, p. 260)
Daniel Wysocki (RIT) Spherical stars December 14th, 2015




Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tio =0

T, p is diagonal Too Tor Too Top
Tro Trr Tro Tre

Th — 26 _ 20y _ 20 r rr L r
" (p;/z p)e +p(=e) = pe Too Tor Tho Toy
Ty = pe Too Tor Toe Tyg

il

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tio =0

T, p is diagonal Too Tor Too Tog
Wy T W W

Th — 20 _ 20y _ 20 T rr L 7
00 = (p ;/z p)e” +p( 26 ) = pe Too Tor Toe Toy
T =pe™, Typg =pr Too Tor Toe Tyg

il

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tio =0

T, p is diagonal Too Tor Too Tog
Wy T W W

Th — 20 _ 20y _ 20 T rr L 7
00 = (p ;/z p)e” +p( 26 ) = pe Too Tor Toe Toy
T =pe™, Typg =pr Too Tor Toe Tog

T¢¢ = p?"2 sin2 0

il

Schutz (2009, p. 260)
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Static perfect fluid

Stress—energy tensor

Stress-energy tensor for perfect fluid

Top = (p +2)UsUs + pgas

Components of Ti,3

Tia = pgia = Tio =0

T, p is diagonal Too Tor Too Tog
Wy T W W

Th — 20 _ 20y _ 20 T rr L 7
00 = (p ;/z p)e” +p( 26 ) = pe Too Tor Toe Toy
T =pe™, Typg =pr Too Tor Toe Tog

Tyy = pr2sin? @ = Tygsin® 0

il

Schutz (2009, p. 260)
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Static perfect fluid

Equation of state

Local thermodynamic equilibrium

p=p(p,S) = p(p)

e pressure related to energy density and specific entropy

e we often deal with negligibly small entropies

Schutz (2009, p. 261)
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Static perfect fluid

Equations of motion

Conservation of 4-momentum

Schutz (2009, pp. 175, 261)
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Static perfect fluid

Equations of motion

Conservation of 4-momentum

e symmetries make only non-trivial solution o = r

Schutz (2009, pp. 175, 261)
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Static perfect fluid

Equations of motion

Conservation of 4-momentum

To‘ﬁ,ﬁ -0

e symmetries make only non-trivial solution av = r

Equation of motion

ded dp
(p+p)g, dr ~  dr

Schutz (2009, pp. 175, 261)
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Static perfect fluid

Mass function

Einstein field equations

Goo = 87Ty

Schutz (2009, pp. 260-262)
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Static perfect fluid

Mass function

Einstein field equations

L 9gd —2A 20
Goo = 8Ty = 3¢ 5[7“(1 — e “*)] = 8mpe

Schutz (2009, pp. 260-262)
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Static perfect fluid

Mass function

Einstein field equations

1 d
Goo = 81y = 14—2624)5[7“(1 — e )] = 8mpe??®

Schutz (2009, pp. 260-262)
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Static perfect fluid

Mass function

Einstein field equations

1 d
Goo = 81y = 14—2624)5[7'(1 — e )] = 8rpe??®

Schutz (2009, pp. 260-262)
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Static perfect fluid
(1)

Einstein field equations

G = Sl

Schutz (2009, pp. 260-262)
e e
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Static perfect fluid
(1)

Einstein field equations

1 2
—262A(1 —e ) 4 29’ = grpeh
r r

G = 87T, —

Schutz (2009, pp. 260-262)
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Static perfect fluid

o(r)

Einstein field equations

G = 87T, —

d®(r) m(r)+4nrdp

dr r[r —2m(r)]

Schutz (2009, pp. 260-262)
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Exterior Geometry

Exterior Geometry
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Exterior Geometry

Schwarzschild metric |

Schutz (2009, pp. 262-263)
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Exterior Geometry

Schwarzschild metric |

d
m(r) =dnr?p =0
dr

Schutz (2009, pp. 262-263)

Daniel Wysocki (RIT) Spherical stars December 14th, 2015




Exterior Geometry

Schwarzschild metric |

d
TZ(T) =dnr?p =0 m(r) =M
r

Schutz (2009, pp. 262-263)
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Exterior Geometry

Schwarzschild metric |

p=p=0
d
n(;(f) =dnr?p =0 m(r) =M
d®(r)  m(r)+4mrip M

dr — rlr—2m(r)]  r(r—2M)

Schutz (2009, pp. 262-263)
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Exterior Geometry

Schwarzschild metric |

d
n(;(f) =dnr?p =0 m(r) =M
d®(r)  m(r) + 4nrdp M 1 2M
= = O(r)=-log(1— —
dr r[r — 2m(r)] r(r—2M) (r) 2 08 r

Schutz (2009, pp. 262-263)
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Exterior Geometry

Schwarzschild metric 11

First two metric components

Schutz (2009, pp. 258, 262-263)
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Exterior Geometry

Schwarzschild metric 11

First two metric components

Schutz (2009, pp. 258, 262-263)
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Exterior Geometry

Schwarzschild metric 11

First two metric components
oM\ ! 2M
grr=€2A= (1—7) 900:—€2q>=—<1——)

Schwarzschild metric

=1l
ds® = —(1 - %) dt® + (1 - g) dr? + r* dQ?

Schutz (2009, pp. 258, 262-263)
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Exterior Geometry

Far-field metric

r> M

Schutz (2009, pp. 263)
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Exterior Geometry

Far-field metric

r> M
Schwarzschild metric

—1
ds? = - (1—%) at? + (1—%) ar? + 12 d0?
r r

Schutz (2009, pp. 263)
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Exterior Geometry

Far-field metric

r> M

Far-field Schwarzschild metric

ds? ~ — (1-%) de* + (1+¥) dr? + r* dQ?

Schutz (2009, pp. 263)
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Exterior Geometry

Far-field metric

r> M

Far-field Schwarzschild metric

ds? ~ — (1-%) de* + (1+¥) dr? + r* dQ?

Far-field Schwarzschild metric (Cartesian)

2M 2M
ds? ~ — (1 - ?) dt? + (1 + 7) (dz? + dy? + dz?)

R2El‘2+y2+22

Schutz (2009, pp. 263)
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Interior structure

Interior structure
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e
Tolman—Oppenheimer—Volkov (T-O-V) equation

p#0 p#0

Schutz (2009, pp. 261-264)
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Interior structure

Tolman—Oppenheimer—Volkov (T-O-V) equation

p#0 p#0
do dp
(P+P)5 = Tar

Schutz (2009, pp. 261-264)
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Interior structure

Tolman—Oppenheimer—Volkov (T-O-V) equation

p#0 p#0
(o + )d<I> _dp d®  m(r) + 47r3p
PP~ " ar dr — rlr—2m(r)]

Schutz (2009, pp. 261-264)

Daniel Wysocki (RIT) Spherical stars December 14th, 2015




Interior structure

Tolman—Oppenheimer—Volkov (T-O-V) equation

p#0 p#0
(o + )d<I> _dp de _ m(r) + 47r3p
PP = " ar dr — r[r —2m(r)]

T-0O-V equation

dp _ (p+p)lm(r) + 4mr’p]
dr r[r —2m(r)]

Schutz (2009, pp. 261-264)
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Interior structure

System of coupled differential equations

T-0-V equation

dp _ (p+p)m(r) + 4nr’p|

dr r[r —2m(r)]

Mass function

Equation of state

p=p(p)

Schutz (2009, pp. 261-262, 264)

December 14th, 2015
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Interior structure

Newtonian hydrostatic equilibrium

Newtonian limit

p <L p; 47rr3p<<m; mLr

Schutz (2009, pp. 265-266) and Hansen and Kawaler (1994, p. 3)
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Interior structure

Newtonian hydrostatic equilibrium

Newtonian limit

p <L p; 47rr3p<<m; mLr

Equation of hydrostatic equilibrium

dp _ (p+p)m(r) + 4nrp|

dr r[r —2m(r)]

Schutz (2009, pp. 265-266) and Hansen and Kawaler (1994, p. 3)
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Interior structure

Newtonian hydrostatic equilibrium

Newtonian limit

p <L p; 47rr3p<<m; mLr

Equation of hydrostatic equilibrium

dp _ (p+p)m(r) +4mr’p] _ pm(r)

dr r[r — 2m(r)] 72

Schutz (2009, pp. 265-266) and Hansen and Kawaler (1994, p. 3)
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Interior structure

Constant density solution I

Constraint

p(r) = po

Schutz (2009, pp. 266-267)
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Interior structure

Constant density solution I

Constraint

p(r) = po

Mass function

r <R,

m(r) r> R.

4 r3,
= -7
3™Po B3,

Schutz (2009, pp. 266-267)
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Interior structure

Constant density solution II

T-O-V equation

dp _ (p+p)(m+dmrp)

dr r(r —2m)

Schutz (2009, pp. 264, 266-267)
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Interior structure

Constant density solution II

T-O-V equation

dp _ (p+p)(m+dmrip) 4 (po+Pp)(po+3p)

dr r(r —2m) 3 1—8r2pg

Schutz (2009, pp. 264, 266-267)
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Interior structure

Constant density solution II

T-O-V equation

dp _ (p+p)(m+dmrip) 4 (po+Pp)(po+3p)

dr r(r —2m) 3 1—8r2pg

Integrated from center to internal radius r

& &
pPo + Pzpo+ Pcm

po+p Po + De

Schutz (2009, pp. 264, 266-267)
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Interior structure

Constant density solution III

8 po po + 3pe

Schutz (2009, pp. 266-267, 269)
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Interior structure

Constant density solution III

87 po po + 3pe

1-/I—2M/R

3/1—2M/R—1

Central pressure p.

Pc = pPo

Schutz (2009, pp. 266-267, 269)
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Interior structure

Constant density solution III

87 po po + 3pe

1-/I—2M/R

e = P T —oM/R—1

Limit on M/R

M/R — 4/9 = p. — o0

Central pressure p.

il

Schutz (2009, pp. 266-267, 269)

December 14th, 2015
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Buchdahl’s theorem

e even for non-constant density, M/R < 4/9

Carroll (2004, pp. 234)
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Buchdahl’s theorem

e even for non-constant density, M/R < 4/9

e intuitive explanation:

Carroll (2004, pp. 234)
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Buchdahl’s theorem

e even for non-constant density, M/R < 4/9

e intuitive explanation:
e assume there is a maximum sustainable density, (M/R)max

Carroll (2004, pp. 234)
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Buchdahl’s theorem

e even for non-constant density, M/R < 4/9

e intuitive explanation:

e assume there is a maximum sustainable density, (M/R)max
e consider an object of radius R

Carroll (2004, pp. 234)
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Buchdahl’s theorem

e even for non-constant density, M/R < 4/9

e intuitive explanation:
e assume there is a maximum sustainable density, (M/R)max
e consider an object of radius R
e most massive possible object would have maximum density
everywhere

Carroll (2004, pp. 234)
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Buchdahl’s theorem

e even for non-constant density, M/R < 4/9

e intuitive explanation:

assume there s a maximum sustainable density, (M/R)max
consider an object of radius R

most massive possible object would have maximum density
everywhere

all other sustainable objects have a lower M /R

Carroll (2004, pp. 234)
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Realistic stars

Realistic stars
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White dwarfs

e end-of-life for low mass stars

e held up by electron degeneracy pressure

e Newtonian structure accurate to 1%

dp  pm
dr — r2

o relativistic effects important on stability and pulsation for

10%gem ™ < p, < 10%4gcm™3

Misner, Thorne, and Wheeler (1973, p. 627)
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Realistic stars

Neutron stars

e mass condensed further than white dwarf

e created in supernovae, or collapse of white dwarf

pT+e —»nl+v

e held up by neutron degeneracy pressure

e matter incredibly complex and possess many unknown properties

Schutz (2009, pp. 274-275)
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Realistic stars

Rotating stars

ds® = —¢* dt + € (dg — wdt)® + e¥(dr® + 17 d6?),

v, 1, w, and p: functions of r and 6

e stationary

e can still assume perfect fluid to high accuracy

Stergioulas (2003, p. 8)
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Realistic stars

Pulsars

e rapidly rotating neutron stars

e magnetic field produces electromagnetic radiation

e pulses of radio waves observed with the right orientation

e introduction of strong magnetic field requires

e consideration of coupled Einstein—Maxwell field equations
e T,p includes EM energy density — non-isotropic

Misner, Thorne, and Wheeler (1973, p. 628) and Stergioulas (2003, p. 28)
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Equations of motion

7% =0, T = (p+p)UU" + pg*’
g

5 =(p+pU°U 5 +9"p, =0
= (p —f-p)UBU)\FT)\B + 672/\]’),7” =0
= (p+p)(U°)Tgg+ e **p, =
= (p+p)(e?)(e e ,) + e p, =0
dp do
O (P+P)7

Schutz (2009, pp. 101, 261)
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