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Radial Wave Function in General

e separation of variables rewrites the stationary states of the wave
function as ¥(r) = R(r) Y (6, ¢)

o for the sake of simplification, a new variable u is defined, such that
u(r) = rR(r)

o the time-independent “radial equation” is thus given by

R2 d2u B2 0(0+1)
“om ar? [ om 2 4T

@ this is identical to the one-dimensional Schrodinger equation, except
the effective potential contains an additional component

h? 1
VePf — V + _w
2m  r?
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Wave Function of Hydrogen

e the hydrogen atom is comprised by a proton of charge e, and an
electron of charge —e

o the proton may be thought to be motionless and centered at the
origin

e by Coulomb’s law, we may express the potential energy as

e? 1
dmeg r

V(r)=—

@ we substitute this into the radial equation

n? d%u e? 1 B? 00+ 1)

- == - — = Fu.
2m dr? degr  2m 12 “ “
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Wave Function of Hydrogen

e the Coulomb potential admits both

o continuum states (E > 0), describing electron-proton stattering
o discrete bound states (E < 0), describing the hydrogen atom

e we simplify the notation by introducing k, defined by

e we are only interested in bound states, so F is negative, so k is real
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Wave Function of Hydrogen

e dividing the wave equation by F, in terms of m and k, we obtain

Ld* [ me 1 00+ 1) y
k2 dr? 2megh?k (K1) (kr)?

o let p = kr and py = me?/(2meh’k)

P p?

d*u G
dp?
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Wave Function of Hydrogen

2
d*u [1_@+£(€+1)u

dp? p P2

- as p — 00, the equation simplifies to

d?u
a? "

- which has general solution
u(p) = Aexp(—p) + Bexp(p)

- since exp(p) — oo as p — oo, B =0 for large p

u(p) ~ Aexp(—p)
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Wave Function of Hydrogen

2
d*u [1_@+£(€+1)u

dp? p P2

- as p — 0, the equation simplifies to

dPPu L0+ 1)u
dp2 - p2

- which has general solution

u(p) = Cp™™ + Dp~*

—asp—0,p = 00,50 D=0
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Wave Function of Hydrogen

e we introduce a new function, v(p), defined implicitly by
u(p) = v(p)pte?
e it is simply u( ) stripped of its asymptotic behaviour
° we compute and €% and substitute into the radial equation,
giving:
o or1-p 2y [po — 2(£ + 1)]v =0
- — — — v =
e the solution to v(p) can be given by the power series
Oo .
v(p) =)
§=0
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Wave Function of Hydrogen

[e.o]

v(p) =D

J=0

- to find the coefficients, ¢y, c1, ..., we first find the derivatives

dv o > .
3, =2 dap T =3 i+ e
P =0 i=0
v X .
ke Z](J + 1)ejrp! !
p —0
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Wave Function of Hydrogen

e recall the wave equation was given by
2

— +

dp?

d
0 2(£+1—p)d—:+[p0—2(£+1)]v:0

e substituting v(p), g—;, and g—Qgpv we obtain

o
Z]J‘i'l ciyrp! +2(0+1) Z]Jrl cj1p

j=0 Jj=
=2 jeip’ + [po =200+ 1)] Y ¢! =0
j=0 j=0
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Wave Function of Hydrogen

o dividing through by p’ gives us
JU+ D + 200+ 1)+ Ve = 2j¢+ [po =2+ 1)] ¢, = 0
e solving for cjy1 gives us the recursive definition

o204+ —py
T GG +20+2)7

o for large values of j, we have

2j 2

Cit+1 = - Cj

= Cs;
G+ 7 i+
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Wave Function of Hydrogen

9 2
G =—=¢
jG+n7 j+17

- if this approximation were exact, then we would have

Cj+1 ~

9J
Cj = ﬁCO

- implying

Z p’-coe

- so u(p) displays asymptotic behaviour7 which we tried to get rid of
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Wave Function of Hydrogen

@ it seems that there is only one way to deal with the issue of
asymptotic behaviour: the series must be finite
o there must exist a maximum j, such that

Cjmax+1 = 0

e implying
2(jmax + €+ 1) = po

e we now define the principal quantum number to be
n= jmax +0+1

@ meaning

2n = po
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Results
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Spectrum of Hydrogen

@ energy depends on pg

h2 k2 met
= T 2252 2
2m 8m2egh? pg

o the allowed energies are thus given by

7 _ m e2 2 1 _E1
" 2m2 \ dreg n2  n2

where n € Z+
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Bohr Radius

o recall
me? 9
=—=2n
po 2megh?k
@ solving for k gives
me? 1 1

Aweoh? | n - an

@ where ¢ is the Bohr Radius

4Fth2
4= ——F5—

5 A 5.29 X 107" m
me

e from the definition of p we see
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Quantum Numbers

we have thus far seen three quantum numbers, n, ¢, and m

the spatial wave functions for hydrogen are separated as

¢n£m(r7 97 ¢) = Rne(r) Yém(97 ¢)

from Section 4.1 we have

|
Rue(r) = —p™ e u(p)

the ground state occurs when n = 1, so the binding energy is given
by

m 62 2
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Ground State
o consider ¥100(7, 0, ¢) = Rio(r) YO0, ¢)

Rio(r) = %O exp(—r/a)

e normalizing gives cp
o 2 00
/ | Rio[*r? dr = @/ exp(—2r/a)r2dr = |c?S =1
0 a 0 4

cy =

S

e the ground state of Hydrogen is given by

7'('(1

¢100(7",9;¢):\/1—‘3XP( r/a)
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Thank You
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